Let M l,m be the total space of the S 3 -bundle over S 4 classified by the element lσ + mρ ∈ π 4 (SO(4)), l, m ∈ Z. In this paper we study the homotopy theory of gauge groups of principal G-bundles over manifolds M l,m when G is a simply connected simple compact Lie group such that π 6 (G) = 0. That is, G is one of the following groups: SU (n) (n ≥ 4), Sp(n) (n ≥ 2), Spin(n) (n ≥ 5), F 4 , E 6 , E 7 , E 8 . If the integral homology of M l,m is torsion-free, we describe the homotopy type of the gauge groups over M l,m as products of recognisable spaces. For any manifold M l,m with non-torsion-free homology, we give a p-local homotopy decomposition, for a prime p ≥ 5, of the loop space of the gauge groups.
Introduction and main results
Let P f → X be a principal G-bundle over X classified by a map f : X → BG. The (unpointed) gauge group of the bundle, denoted G f (X), is the group of its bundle automorphisms over X. That is, an element φ ∈ G f (X) is a G-equivariant automorphism of P f lying over the identity map on X. The subgroup of G f (X) that fixes one fiber is called the pointed gauge group and it is denoted G f * (X). In this work we aim to classify, up to homotopy, the gauge groups of principal G-bundles over manifolds that arise as total spaces of S 3 -bundles over S 4 for G a simply connected simple compact Lie group.
The study of the topology of the gauge groups and their classifying spaces, when G is a Lie group and X is a compact low dimensional manifold, has played a prominent role in the development of elementary particle theories in physics and the classification of 4-manifolds. Considerable attention has been paid in counting the number of homotopy types of gauge groups and their classifying spaces (see for instance [25, 24, 26, 2] ). Crabb and Sutherland proved that if X is connected and G is a compact connected Lie group, the number of homotopy types of principal G-bundles over X is finite [5] . In [7] Donaldson and Thomas introduced some ideas to extend the study of gauge theories to analogous situations in higher dimensions, where some special geometric structures over X are required. It has been shown that certain compact 7-dimensional manifolds present the desired geometric properties. Moreover, the homotopy type of some of these manifolds has been described as a connected sum of total spaces of S 3 -bundles over S 4 [4] . Date: 7th February 2019. where m * is the m-th power map. Let Ω n BG{m} denote the space Map * (P n+1 (m), BG). Let v p (m) be the p-adic valuation of m at p. If M l,m has torsion in homology we have the following result. Theorem 1.3. Let G be a simply connected simple compact Lie group such that π 6 (G) = 0. Let m > 1 be an integer and p ≥ 5 be a prime. Let P k → M l,m be a principal G-bundle classified by k ∈ Z m . There are p-local homotopy equivalences
where there exists a homotopy fibration
Moreover, if v p (m) = r ≥ 1 and p r |k then X k (p) ΩG × Ω 4 0 G{m}.
We conclude this paper with a classification of gauge groups of principal G-bundles over manifolds M l,1 , which are homotopy equivalent to S 7 . In Section 5 we prove the following result. Remark 1.5. We want to point out that part (1) of Theorem 1.4 contrasts with the results given in [2, Proposition 2] , where it is stated that integrally, if G = S 3 all gauge groups over S 7 are homotopy equivalent. Our results show that given two elements k, k ∈ [S 7 , BSU (2)], it is not always true that G k (S 7 ) G k (S 7 ).
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Classification of principal G-bundles over M l,m
All spaces considered in this work have the homotopy type of CW -complexes with non-degenerate basepoints. For given spaces X and Y, let Map(X, Y ) and Map * (X, Y ) be the spaces of unpointed and pointed maps from X to Y, respectively. We endow these spaces with the compact-open topology. The path components of the corresponding mapping spaces containing the map f are denoted Map f (X, Y ) and Map f * (X, Y ). We denote by X, Y and [X, Y ] the sets of homotopy classes of unpointed and pointed maps from X to Y , respectively. Given a map f : X → Y , we denote its homotopy class by the same letter f . The finite cyclic group of n elements is denoted Z n . The localisation of Z at a prime p is denoted Z (p) .
Let M l,m be the total space of the S 3 -bundle over S 4 , classified by the element
where l, m ∈ Z. First observe that since all manifolds M l,m are 2-connected, we can give M l,m a minimal cellular structure
where ϕ and ϕ are the attaching maps of the 4-cell and the 7-cell, respectively. There are homeomorphisms [23] M l,m ∼ = M −l,−m and M l,m ∼ = M l+m,−m so that from now on we will only consider the case m ≥ 0. The 4-skeleton M 4 l,m of M l,m is given by the pushout
where ϕ is degree m map and m is the integer associated to the classifying element lρ + mσ ∈ π 4 (SO(4)) [12] . If m = 0, then M 4 l,m S 3 ∨ S 4 , and in this case we have
for ϕ ∈ π 6 (S 3 ∨ S 4 ). All the sphere bundles M l,0 π − → S 4 admit a cross section so that the exact sequences of the fibre bundles show that the homotopy and homology groups of the manifolds M l,0 are isomorphic to those of the total space of the trivial bundle S 3 × S 4 . James and Whitehead showed that M l,0 M l ,0 if and only if l ≡ ±l (mod 12) [12] .
If m > 0, then the 4-skeleton M 4 l,m is the Moore space P 4 (m) which is the homotopy cofibre of the degree m map and satisfiesH i (P 4 (m)) ∼ = Z m , if i = 3, andH i (P 4 (m)) ∼ = 0 otherwise. Thus given M l,m and M l,m , if m = m then π 3 (M l,m ) π 3 (M l,m ), and therefore these spaces are not homotopy equivalent. A minimal cellular structure for M l,m is given by
for some ϕ ∈ π 6 (P 4 (m)). In [6] Crowley and Escher classified the homotopy types of manifolds M l,m for m > 0. They showed that there is an orientation preserving homotopy equivalence M l,m M l ,m if and only if m = m and l ≡ αl (mod (m, 12)) where α 2 ≡ 1 (mod (m, 12)). Thus in the case m = 1 we have P 4 (1) * and we have M l,1 S 7 for all l ∈ Z.
We make use of the Serre spectral sequence to obtain information on the properties of the projection maps π : M l,m → S 4 . , and for dimensional reasons there is at most one non-trivial differential, namely d 4 (y 3 ) = mx 4 . This implies the result.
In order to obtain a classification of the principal G-bundles over M l,m , when m = 1, it is necessary to obtain information on the homotopy cofibre of the inclusion of the bottom cell
There is a homotopy equivalence D l,m S 4 ∨ S 7 and the homotopy equivalence can be chosen so that the composite
is homotopic to the projection π : M l,m → S 4 .
Proof. Since π 3 (S 4 ) ∼ = 0, the projection M l,m π − → S 4 has a homotopy extensionπ
Observe that the cofibre D l,m can be built as a CW -complex with one 7-cell attached to a 4-sphere. Thus D l,m fits into the following cofibration sequence
where g is the inclusion, θ ∈ π 6 (S 4 ) ∼ = Z 2 and b is the connecting map. Let M l,m be a manifold with m = 0. Then the map π : M l,0 → S 4 has a cross section S 4 → M l,0 . Therefore, by the homotopy commutativity of (2.3), the mapπ also has a right homotopy inverse. Now suppose m > 1. The map 
By Lemma 2.1, π * is reduction mod m. From (2.5) we obtain the following composite
which is reduction mod m. Thusπ * = ±1 (mod m). Consider the homotopy commutative diagram
where the top row is a cofibration sequence and the bottom row is a fibration sequence. The connecting map δ induces multiplication by m in cohomology. From the left square we obtain that ξ is the inclusion of the bottom cell. By the Peterson-Stein formula the adjoint of the map ξ is homotopic to π . Therefore π is a homotopy equivalence. This implies thatπ has a right homotopy inverse. Therefore for all m = 1, the composite S 4 g − → D l,mπ → S 4 is a homotopy equivalence. There is a coaction σ : 
is a homotopy equivalence. Also the diagram
Given a compact connected topological space X and a topological group G, let P rin G (X) be the set of isomorphism classes of principal G-bundles over X. It is well-known that there is a one-to-one correspondence between P rin G (X) and X, BG , where BG is the classifying space of G. The evaluation fibration
induces an exact sequence of homotopy sets
The induced map ev * is trivial as BG is connected, and the coset space of ∂(π 1 (BG)) coincides with the orbit space of the action of π 1 (BG) ∼ = π 0 (G) on [M l,m , BG]. Since all groups G considered in this work are connected, this action is trivial, which implies that there is a bijection between [M l,m , BG] and M l,m , BG . We compute the sets [M l,m , BG] for those manifolds with m = 1. We restrict to the case when π 6 (G) = 0, that is, when G is one of the following groups: SU (n) (n ≥ 4), Sp(n) (n ≥ 2), F 4 , E 6 , E 7 or E 8 . Proposition 2.3. Let G be a simply connected simple compact Lie group such that π 6 (G) ∼ = 0.
which is a bijection if m = 0 and a surjection if m ≥ 2.
Proof. For any simply connected simple compact Lie group G there are isomorphisms [11] (2.9) π 3 (BG) ∼ = π 2 (G) ∼ = 0.
Let f : M l,m → BG be a map. By (2.9) the composite S 3 → M l,m f → BG is nullhomotopic. Using Lemma 2.2 there is a homotopy commutative diagram (2.10)
, the top row is a cofibration sequence andf : S 4 ∨ S 7 → BG is an extension of f . Therefore, applying the functor [−, BG] to the cofibration sequence in (2.10) we obtain an exact sequence of homotopy sets
The homotopy set [M l,m , BG] might not be a group. Therefore, we will use the action
l,m P 4 (m). In either case, M 4 l,m is a co-H-space. From the exact sequence induced by the attaching map of the 4-cell,
we obtain an exact sequence of groups
associated to the cofibration (2.12) induces an action of homotopy sets
Exactness of (2.13) implies that [M 4 l,m , BG] = Z m . By construction, the orbits under the action ψ * are equal to the cosets of the image of m * . The map S 3 i − → M l,m factors through the 4-skeleton M 4 l,m . Therefore we have a homotopy cofibration diagram
is the inclusion of the first factor into the wedge. From (2.14) we obtain a homotopy commutative diagram as follows
Applying the functor [−, BG] we obtain a commutative diagram of homotopy groups 
is homotopic to the projection π : M l,m → S 4 . Consider the commutative diagram
where the map p 1 is the projection onto the first factor. From (2.11) we get that a * is an isomorphism if m = 0 and a surjection if m > 1. Therefore, by the commutativity of (2.17), the induced map
is an isomorphism if m = 0, and a surjection if m > 1.
Now let m = 1. From the homotopy classification of the manifolds M l,m , the spaces M l,1 are homotopy equivalent to S 7 . Therefore we obtain
From this and Proposition 2.3 we obtain a classification of principal G-bundles over manifolds M l,m that holds for most of the simply connected simple compact Lie groups. Using the notation Z 0 = Z and Z 1 = 0 we now state our result for the classification of principal G-bundles over M l,m . Corollary 2.4. Let G be a simply connected simple compact Lie group such that π 6 (G) = 0. There is a one-to-one correspondence
Homotopy types of ΣM l,m
In this section we discuss the homotopy types of ΣM l,m , the suspensions of the manifolds M l,m . The description of ΣM l,m will be needed later to obtain homotopy decompositions of the gauge groups.
We start with a general result regarding the suspension of total spaces of S n−1 -bundles over S n that have cross sections. Let X n be the n-skeleton of X. Let 1 X be the identity map on X.
Lemma 3.1. Let π : X → S n be an S n−1 -bundle over S n , n ≥ 3, with a cross section. Then X n S n−1 ∨ S n and there is a homotopy equivalence
Here the map ϕ : S 2n−2 → S n−1 ∨ S n is the attaching map of the top cell of X.
Proof. The topological space X is homotopy equivalent to a CW -complex with the following cellular structure
where ϕ is the attaching map of the top cell. There is a homotopy commutative diagram
where the top row is the cofibration sequence induced by the inclusion of the bottom cell into the nskeleton, the bottom row is the fibration sequence of the sphere bundle, and q is the quotient map. Since X n = X 2n−2 by connectivity, the map q also has a right homotopy inverse, implying that there is a homotopy equivalence X n S n−1 ∨ S n . Now consider the cofibration sequence induced by the attaching map S 2n−2 ϕ −→ S n ∨ S n−1 :
where i is the inclusion and ρ is the pinch map to the (2n − 1)-cell. By the Hilton-Milnor Theorem [10, 17] there is an isomorphism
Thus ϕ ∈ π 2n−2 (S n−1 ∨ S n ) can be expressed as
Here the Whitehead product [1 S n−1 , 1 S n ] factors through a generator of π 2n−2 (S 2n−2 ) and t ∈ Z; for any α ∈ π 2n−2 (S n−1 ) and β ∈ π 2n−2 (S n ), let α and β be the elements of π 2n−2 (S n−1 ∨ S n ) which are represented by the maps
Consider the diagram
The triangle homotopy commutes by definition of ϕ and β, and the square homotopy commutes by the commutativity of right square in (3.1). Thus β π • i • ϕ, but i • ϕ is nullhomotopic since i and ϕ are consecutive maps in a cofibration. Hence β is nullhomotopic and therefore so is β. Hence (3.3) is reduced to
After suspension we have Σϕ = Σα since Σ[1 S n−1 , 1 S n ] * . Let Y be the homotopy cofibre of the map α : S 2n−2 → S n−1 . Thus if Σα * then Σϕ * . Therefore the map Σi in (3.2) has a left homotopy inverse, and ΣX S 2n ∨ S n ∨ S n+1 . If instead Σα is not nullhomotopic, then Σϕ * . Consider the following part of the homotopy cofibration sequence (3.2)
for α ∈ π 2n−2 (S n−1 ).
Let S 6 ϕ − → S 3 ∨ S 4 be the attaching map of the top cell of the manifold M l,0 .
There is a homotopy equivalence
where Y l is the homotopy cofibre of the composite S 6 ϕ − → S 3 ∨ S 4 p1 − → S 3 . Further, if l ≡ ±l (mod 12) there is a homotopy equivalence ΣM l,0 ΣM l ,0 . In particular
Proof. There is a cofibration sequence
where ϕ is the attaching map of the top cell. We can write the attaching map ϕ as
Here [ι 3 , ι 4 ] is the Whitehead product of the identiy maps of S 3 and S 4 and the map t l ν is the composite
where ν is a generator of π 6 (S 3 ) ∼ = Z 12 [28] and t l ∈ Z 12 . Since the map π : M l,0 → S 4 has a section, by Lemma 3.1 there is a homotopy equivalence
where ΣY l,0 is the homotopy cofibre of the composite
where the element Σν generates a subgroup of order 12 in π 7 (S 4 ) [28] .
Set Y l := Y l,0 . The J-homomorphism J : π 3 (SO(3)) → π 6 (S 3 ) which send, l to t l , is an epimorphism [12] . Observe that two spaces ΣY l , ΣY l are homotopy equivalent if and only if there is a homotopy equivalence θ :
where θ * is the automorphism of π 7 (S 4 ) induced by θ. Any self-equivalence of S 4 is homotopic to ±1 S 4 . Since, t l , t l ∈ Z 12 , we have that ΣY l ΣY l if and only if l ≡ ±l (mod 12). Thus if l ≡ ±l (mod 12) then ΣM l,0 ΣM l ,0 . In particular M 0,0 = S 3 ×S 4 and Σ(S 4 ×S 3 ) S 8 ∨S 5 ∨S 4 . Identifying summands in (3.5) we have that Y 0,0 S 8 ∨ S 4 and therefore there is a homotopy equivalence ΣM l,0 S 8 ∨ S 5 ∨ S 4 if l ≡ 0 (mod 12).
In order to obtain results on the gauge groups over manifolds M l,m with torsion in homology we will require p-localisations of nilpotent spaces in the sense of [9] . A connected CW -complex is nilpotent if π 1 (X) is nilpotent and acts nilpotently on π n (X) for all n ≥ 2. In particular, if X is simply connected then it is nilpotent. Let X and Y be connected CW -complexes. By [9, Corollary 2.6], given a map f : X → Y , if Y is nilpotent and X is finite then the path components Map f (X, Y ) and Map f * (X, Y ) are nilpotent, and these mapping spaces admit p-localisations, (Map f (X, Y )) (p) and (Map f * (X, Y )) (p) , for p a prime. Moreover (Map f * (X, Y )) (p) Map f * (X (p) , Y (p) ). In our case, we will make use of p-localisations of simply connected finite spaces X homotopy equivalent to CW -complexes. We will also need to localise the mapping spaces Map f (X, BG) and Map f * (X, BG) which is possible to do since we restrict to Lie groups G with nilpotent classifying spaces BG. We define the p-localisation of the n-th loop space of a nilpotent space Y , at a prime p, as follows
Thus given a map f : X → BG, where X is a finite connected complex and G is a simply connected simple compact Lie group, we define the p-localisation of Ω n Map f (X, Y ) as follows
(Ω n Map f (X, BG)) (p) := Ω n ((Map f (X, BG)) (p) ).
To keep the notation simple, in the following discussions we will avoid using the subscript (p) when referring to local spaces. We denote by X (p) Y a (p-local) homotopy equivalence between the p-local spaces X and Y .
The cofibration sequence S n m − → S n → P n+1 (m) induces a fibration sequence
where m * is the m-th power map. Let Ω n BG{m} denote the space Map * (P n+1 (m), BG). Let v p (m) be the p-adic valuation of m at p. Proof. There exists a cofibration sequence
where ϕ is the attaching map of the top cell, i is the inclusion and ρ is the pinch map. Now suppose that all spaces are localised at a prime p ≥ 5 with r = v p (m). Consider the cofibration sequence
We have two cases to analyse: r = 0 and r ≥ 1. If r = 0 then the degree map m is invertible in Z (p) , so the map m is a homotopy equivalence in the cofibration sequence (3.7), and therefore P 4 (m) * . From (3.6) we can see that the attaching map ϕ is nullhomotopic and therefore M l,m (p) S 7 . Moreover, we can write P 5 (1) = P 5 (p 0 ) * . Hence there is a homotopy equivalence ΣM l,m (p) P 5 (p r ) ∨ S 8 for r = 0.
If r ≥ 1 then the degree map m is not invertible. Localising at p we obtain P 4 (m) (p) P 4 (p r ). In [22] Sasao computed the homotopy group π 6 (P 4 (m)). He showed that integrally
In all above cases, localising at p ≥ 5 we obtain π 6 (P 4 (m)) ∼ = Z p r .
We give an alternative construction of a p-local generator of π 6 (P 4 (m)) to that given by Sasao. Let σ ∈ π 6 (P 4 (m)) ∼ = Z p r be a generator. We can write the attaching map of the top cell as ϕ = t ·σ with t ∈ Z p r . Notice that if Σϕ * then Σi has a left homotopy inverse, implying ΣM l,m P 4 (p r ) ∨ S 8 . We claim that the generatorσ suspends trivially. Let ν : P 4 (p r ) → P 4 (p r ) be the identity map. Since ν is a suspension there is a Whitehead product [ν, ν] : ΣP 3 (p r ) ∧ P 3 (p r ) → P 4 (p r ). There is a homotopy equivalence [3] ΣP 3 (p r ) ∧ P 3 (p r ) (p) P 7 (p r ) ∨ P 6 (p r ).
This homotopy equivalence precomposed with the inclusion of P 7 (p r ) into the wedge determines a map [ν, ν] : P 7 (p r ) → P 4 (p r ). By a result of Cohen, Moore and Neisendorfer [3] , there is a p-local homotopy equivalence
where A = ∞ k=0 P 4+2k+3 (p r ) and S n {p r } denotes the homotopy fibre of the degree map p r : S n → S n . This homotopy equivalence is constructed so that the restriction of φ to ΩP 7 (p r ) is homotopic to Ω [ν, ν].
Using (3.8) we get π 6 (P 4 (p r )) ∼ = π 5 (ΩP 4 (p r )) ∼ = π 5 (S 3 {p r }) ⊕ π 5 (ΩA).
Notice that there is a homotopy fibration given by
As 2 and 3 are inverted we have π 5 (S 3 ) = 0 and π 5 (ΩS 3 ) ∼ = π 6 (S 3 ) = 0 and therefore π 5 (S 3 {p r }) = 0. Now π 5 (ΩA) ∼ = π 6 (A) ∼ = π 6 (P 7 (p r )) ∼ = Z p r , where the last two isomorphisms are given by the high connectivity of the factors in the wedge defining A and the Hurewicz isomorphism, respectively. Thus a generatorσ of π 6 (P 4 (p r )) is represented by the map σ : S 6 → P 7 (p r ) [ν,ν] −→ P 4 (p r ).
Since [ν, ν] factors through the Whitehead product [ν, ν], which suspends trivially, we obtain Σσ * , as claimed.
Homotopy decompositions of gauge groups
In this section we give homotopy decompositions of the gauge groups over M l,m for which m = 1. We split our results in two cases: manifolds M l,m with torsion-free homology and manifolds M l,m with non-torsion-free homology.
Let P f → X be a principal G-bundle with classifying map f : X → BG. Recall that the (unpointed) gauge group of the bundle, denoted G f (X), is the group of its bundle automorphisms. That is, an element φ ∈ G f (X) is a G-equivariant automorphism of P f lying over the identity map on X. The subgroup of G f (X) that fixes one fiber is the pointed gauge group and it is denoted G f * (X). Let BG f (X) be the classifying space of G f (X). From [8] or [1] there are homotopy equivalences
and after looping these homotopy equivalences we obtain
We will make use of the equivalences (4.1)-(4.4) to obtain homotopy decompositions of the gauge groups. Following our discussion on localisation of nilpotent spaces (see Section 3), we define the plocalisation of the gauge groups G f (X) and G f * (X) as (G f (X)) (p) := Ω((BG f (X)) (p) ) and (G f * (X)) (p) := Ω((BG f * (X)) (p) ). We specialise to gauge groups of principal G-bundles over M l,m , where M l,m is the total space of a sphere bundle with classifying map lρ + mσ ∈ π 3 (SO(4)), l, m ∈ Z, and G is a simply connected simple compact Lie group with π 6 (G) ∼ = 0. By Corollary 2.4 there are set isomorphisms 
4.1.
Torsion-free case. Let M l,m be a manifold with torsion-free homology and M l,m S 7 . Thus in this case m = 0 and the bundle M l,0 → S 4 has a cross section. The following lemma will be crucial to identify the spaces that appear in the homotopy decompositions of the gauge groups. which defines the space C l,0 and the maps γ and δ. Furthermore there is a homotopy equivalence C l,0 − → ΣY l .
Proof. In general, by Lemma 2.2 given a manifold M l,m there is a homotopy commutative diagram (4.6)
Now let m = 0. Using (4.6) we can generate a homotopy commutative diagram as the one stated in the proposition, where each column and row is a cofibration sequence. Here γ ∈ π 7 (S 4 ) ∼ = Z × Z 12 is a map making the middle upper square of diagram (4.5) commute, which defines the space C l,0 . From the exact sequence induced by the top row in (4.6)
we conclude that δ restricted to S 4 is the degree m map so that Z 0 = Z. Let s : S 4 → M l,0 be a section of the projection map π. Since π • s = 1 S 4 , then Σπ • Σs 1 S 5 . Therefore the map ψ :
where b is the connecting map of the cofibration induced by the projection π, is a homotopy equivalence. By Proposition 3.2 there is a homotopy equivalence
where Y l is the homotopy cofibre of a map t l Σν ∈ π 7 (S 4 ) and t l depends linearly on l. Let h l = t l Σν . The suspension of the attaching map generates a homotopy commutative diagram of cofibrations 
shows that there is a homotopy equivalence C l,0 − → ΣY l,0 .
By Proposition 2.3, the projection map induces a bijection between path components (4.11) π * : [S 4 , BG] = π 0 (Map * (S 4 , BG)) → [M l,m , BG] = π 0 (Map * (M l,m , BG) ).
Moreover, the projection map π induces the following fibration sequences
where π * k is the restriction of π * to the k-th component and F k l,0 is the corresponding homotopy fibre. Using the bottom row in the commutative diagram of Lemma 4.1 we obtain the following fibration sequence for k = 0
where we can identify Map * (ΣY l , BG) Map * (Y l , G).
Next we state a general result on the homotopy types of the spaces F k l,0 . where rows and columns are fibrations. Here we have identified Map * (S 4 ∨ S 7 , BG) with
Map * (S 4 , BG) × Map * (S 7 , BG), so that p * 2 is the projection and i * is the inclusion. Notice that the map q * induces a bijection between path components as i * does since π 6 (G) = 0. For every k ∈ Z there is a homotopy equivalence between the path components θ k :
where µ is a homotopy multiplication in Ω 4 BG, ∆ is the diagonal map and k 0 is a choice of base point in Ω 4 k BG. Thus there is a homotopy commutative diagram (4.14) Map * (ΣY l , BG) / /
Therefore, by the homotopy commutativity of (4.14), the restriction of q * in (4.13) to the k-th component generates a homotopy commutative diagram (4.15) Map * (ΣY l , BG) / /
where each row and column is a fibration sequence. This shows that there are homotopy equivalences
If Y is an H-group, or if X is a co-H-group, then all the path components of Map * (X, Y ) are homotopy equivalent. So for instance, if m = 1, then M l,1 S 7 . In this case for any k, k ∈ [M l,1 , BG], the path components Map k * (M l,1 , BG) and Map k * (M l,1 , BG) are homotopy equivalent and, as a consequence, so are the pointed gauge groups. When M l,m is not homotopy equivalent to S 7 , it is not known if the path components of Map * (M l,m , BG) have the same homotopy type. We prove a result on the homotopy types of the pointed gauge groups over manifolds M l,m with torsion-free homology and m = 0. Theorem 4.3. Let G be a simply connected simple compact Lie group with π 6 (G) ∼ = 0. Let M l,0 be the total space of an S 3 -bundle over S 4 with a cross section. Then for all k ∈ Z there is a homotopy equivalence
. In particular, if l ≡ 0 (mod 12) then there is a homotopy equivalence
Proof. Let M l,0 be a manifold with a cross section. Let G k * (M l,0 ) be the gauge group of the principal G-bundle over M l,m classified by k ∈ Z. By Lemma 4.2 there is a fibration sequence
Extend the fibration sequence to the left. Consider the following part of the fibration 
Finally, by Proposition 3.2 when l ≡ 0 (mod 12) we have ΣY l S 4 ∨ S 8 and therefore we get
We can use Theorem 4.3 to compute homotopy groups of the pointed gauge groups. 
Further, if l ≡ 0 (mod 12) then BG) . Therefore, the evaluation map induces a commutative diagram Now we give results on the homotopy decomposition of the pointed gauge groups. Recall that for any space X, the cofibration sequence S n k − → S n → P n+1 (k) induces the following fibration sequence
where k * is the k-th power map. Let Ω n G{k} := Map * (P n+1 (k), BG). The following is a result on the pointed gauge groups. 
Taking adjoints we obtain
Map * (P 5 (p r ) ∨ S 8 , BG) (p) Map * (P 4 (p r ) ∨ S 7 , G) (p) Map * (P 4 (p r ), G) × Map * (S 7 , G).
) be a gauge group with k = 0. By Lemma 4.7 there is a fibration sequence
where m * is the m-th power map, and the map π * k is identified with the composite
where θ k : Ω 4 0 BG → Ω 4 k BG is a homotopy equivalence. Note that the homotopy fibre of the map * × m * is homotopy equivalent to Ω 2 Map k * (M l,m , BG), which can be identified with the loop space of the pointed gauge group, ΩG k * (M l,m ). Now identifying Ω 5 0 BG with * × Ω 5 0 BG it is straightforward to check that there is a homotopy equivalence ΩG k * (M l,m ) (p) Ω 4 G{p r } × Ω 8 G, as required.
Given a nilpotent space X, let (π m (X)) (p) be the localisation of the homotopy group π m (X) at a prime p. Using the theory of homotopy groups with coefficient (see [20, Chapter 1] ) and Theorem 4.8 we can compute the homotopy groups π n ((G 0 * (M l,m )) (p) ) and π n ((ΩG k * (M l,m )) (p) ). For n + j ≥ 2, let π n+j (G; Z p r ) = [P n+j (p r ), G].
where p 1 is the projection onto the first factor. The top square of (4.33) shows thath has a right homotopy inverse. Let X k be the homotopy fibre of the maph. Then there is a homotopy equivalence (4.34) ΩG k (M l,m ) (p) X k × Ω 9 BG.
Finally from (4.33) and (4.34) there exists a homotopy pullback square
G{m}
Let r = v p (m) and let q * be the connecting map of the fibration sequence
Observe that after localisation q * • Ωφ k q * • Ωφ k if k ≡ k (mod p r ). It follows that if p r divides k then q * • Ωφ k is nullhomotopic, and the map Ωφ k lifts through m * . Therefore, by the properties of the pullback there is a map ζ : ΩG → X k which is a homotopy section. Thus in this case we have a splitting X k (p) ΩG × Ω 4 G{m}. Notice that if k = 0, we cannot compute π 0 ((G k (M l,m )) (p) ) with our results.
Counting homotopy types of gauge groups over S 7
In this section we discuss the classification of the homotopy types of the gauge groups over manifolds M l,m for m = 1. As all manifolds M l,1 are homotopy equivalent to S 7 , the following results will be expressed in terms of S 7 . The set P rin G (S 7 ) of isomorphism classes of principal G-bundles over S 7 is in one-to-one correspondence with the set S 7 , BG . Observe that, by connectivity of G, S 7 , BG = π 6 (G).
In Table 1 we collect information on the homotopy groups π 6 (G). Here G * is any of the simply connected simple compact Lie groups not isomorphic to SU (3), G 2 or SU (2) ∼ = Sp(1). G SU (2) SU (3) G 2 G * π 6 (G) Z 12 Z 6 Z 3 0 Table 1 . Homotopy groups π 6 (G) of simply connected simple compact Lie groups G.
Let P k → S 7 be a principal G-bundle classified by the map k , where is a generator of the group π 6 (G) and k ∈ Z |π6(G)| . We have seen already that as S 7 is a co-H-space, there are homotopy equivalences Map k * (S 7 , BG) Map 0 * (S 7 , BG),
